February, 1986] © 1986 The Chemical Society of Japan N OTES

Bull. Chem. Soc. Jpn., 59, 671—673 (1986) 671

The Nernst-Planck Type Equation in Nonequilibrium Thermodynamics

Hideo KiMIzukA

Department of Chemistry, Faculty of Science, Kyushu University, Fukuoka 812
(Received September 27, 1985)

Synopsis. A single-term expression of the Nernst-
Planck type equation conformable with nonequilibrium
thermodynamics has been presented. The equation may be
applicable to treat the electric properties of the multi-ionic
system, although the individual ion flux is unobservable.

It is well known that the Nernst-Planck equation
is a single-term expression and has been regarded as
applicable to multi-ionic systems in classical transport
theory.

On the other hand, in nonequilibrium thermo-
dynamics, an isothermal ion flux in a multi-ionic sys-
tem is expressed by a linear combination of the negative
electrochemical potential gradients with the phenom-
enological coefficients, or the sum of Nernst-Planck
type equations.? However, it is formidable to treat a
multi-ionic system due to many phenomenological
coefficients which must be experimentally determined,
although nonequilibrium thermodynamics is known
to be theoretically rigorous.

Thus, it is advantageous to determine the conditions
for utilizing Nernst-Planck type equations in a way so
as not to contradict nonequilibrium thermodynamics.
This will greatly simplify the treatment of the transport
process.

It has been shown in a preceding paper? that a
Nernst-Planck type equation with a diffusion coef-
ficient can express only ionic movements without an
electric current in a binary electrolyte solution. It will
be shown in the present paper that a Nernst-Planck
type equation with a conductive absolute mobility is
applicable to the transport process of a multi-ionic
system, although the ion flux is unobservable.

Theory

The isothermal flux of an ion @, ja, in a multi-ionic electro-
lyte solution may be written on the basis of nonequilib-
rium thermodynamics?

ja == ; l-PVﬂﬁ (1)

where the subscript B refers to ion B; lag denotes the phe-
nomenological coefficient, and Vg is the gradient of the
electrochemical potential of ion B, ug.

For the sake of simplicity, it is assumed that the system is
in a steady-state condition in which the fluxes, the concentra-
tion and the potential profiles are functions only of the
coordinate and are independent of time.

Equation 1 leads to an equation for the electric current /
as follows;

I=3)Z.Fjo =~ 51 ZFuC.VE (2

where Z, denotes the charge, F the Faraday constant and C«
the concentration. ue, the conductive absolute mobility, is
related to lqp by?

Uy = ? Zghso/Z,C, . (3)

Putting
jd* == uucavﬁa (4)

and comparing Eq. 2 with Egs. 1, 3 and 4, we find
I=3)Z,Fj. = 3} ZFj.* &)
a a

In Eq. 5, ZoFj«* denotes the part of the electrical ion cur-
rent that is driven by the electrochemical potential gradient
of ion a. Equation 4 is the same form as the Nernst-Planck
equation with an absolute mobility. However, it should
be noted that j.* is an unobservable flux and differs from
the observable flux j« as can be seen by comparing Eq.1
with Egs. 3 and 4. Nevertheless, Eq. 4 can be used to obtain
an equation for the electric current, as can be seen from Eq.
5. When the system is in a steady state, jo* may also be
regarded as a constant.
Equation 1 may also be written as®

Ja=— 2‘} ZyFlgV (y—rp) (6)

where ¢ denotes the electric potential and 4 the equilib-
rium potential for ion 8. Similarly, Eq. 4 leads to

j‘* = — Z,FC.,u.V(lII—'llu)- (7)

Equations 6 and 7 hold even in the absence of an electric
current, where j,, j,*, and ¢ become jg, 7¥0, and ¥°, respective-
ly. When the electric current is small, it may be assumed
that changes in the concentration profiles and phenom-
enological coefficients caused by an electric current can be
ignored. This corresponds to an assumption of constant
Yo's. In this case, we have from Egs. 3, 6, and 7

Ja—Jja=Jk —Jj == ZaFCauaV('/’_wo), (8)

which is conformable with Eq. 5. It is evident from Eq. 8
that

ja =j: = ngcauavdh (9)

when there is no concentration gradient.

For a membrane-aqueous electrolyte system with an
isotropic membrane, the equations for isothermal fluxes
relative to the membrane can be expressed by

Ja=— ? laﬁVﬁF = LoV liws (10)

jw == ; lwﬂVﬁﬂ - wwVﬁw’ (ll)

where a and B refer to ions a and B, respectively, and w,
water. The hydrodynamic electrochemical potential is given
by

B, = p, + Ps,, (r=a, B, w) (12)



672 NOTES

where P denotes the pressure and vy the partial molar volume
of species . For this system, the membrane current is given
by

I=3Z.Fj. = Za‘.ZJ'ZiE + Fjf, (13)
where

J*¥=- w,C,Vi, (r=a, B, w). (14)

The conductive absolute mobility u, for ion a is given by
Eq. 3. Similarly, the equation for the electroosmotic water
mobility is expressed by

ty = 31 Z1ay/Co (15)

Regarding flux, Eq. 8 also holds for all ionic species. For
the observable flux of water, the equation for the electro-
osmotic water flow is

jw _.131 == FC.“.V(‘/l—‘ﬁo)- (16)

For an unobservable flux,

Jh=Ja (17)
since there is no potential term in fe.

Discussion

According to Egs. 8 and 16, Cyuy (vy=a, B, w) can be
determined by measuring the fluxes and the potentials;
hence, the electrical properties of the system, such as
ion and electroosmotic conductances, the membrane
conductance and the transport number can be eval-
uated from the Cyuy’s. In addition, the unobservable
fluxes (j,* and j,*°) can also be evaluated using Eq. 14.
Thus, j, can be calculated according to Eq. 8, provided
79 is known. However, all the phenomenological
coefficients should be determined in order to predict
the diffusional flux j§. Unfortunately, it seems to be
hopeless to predict j§ in a multi-ionic system having
more than three kinds of ionic species. This is because
there are too many phenomenological coefficients
which must be experimentally determined.

For a binary electrolyte solution, the diffusional
ion flux at zero electric current j§ is given by a single-
term expression?

j% == D,CVERT = — 0,Co¥fias (18)

where Do denotes the diffusion coefficient, wa (=De/
RT) the diffusional absolute mobility, R the gas
constant, and T the absolute temperature. Do and wa
are related to the phenomenological coefficients as
follows?;

D.C./RT = 0,Co = Zp(ladlpp—lag®)|(Zabap+ Zplpp).  (19)

Comparing Eq. 18 with Eq. 4,

o o _ gL L)_ 0
BB i) =, @)

where Ao and Ap are the equivalent conductances of
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ions a and B, respectively. Aqg is an element of the
equivalent ion conductance matrix, given by the
relation?

Aep = Z,Z,F? /| Z,|C.,. (21)

Since the phenomenological coefficients or the ele-
ments of the conductance matrix for a binary electro-
lyte solution can be determined experimentally?, 79
can be evaluated according to Eq. 18. Hence, from Egs.
8 and 20,

Je=Jj& — & +ja =Jj& —jE1—F(a)] (22)

enabling us to evaluate je from j¥, %0, and F(Aap).
Concerning F(A«p), it has been shown in the
preceding paper?

F(Aep) = |Za|F2D,JRT2, (23)

F(A.p) = va|Z4|D,[(va+vp)Atats(l +dIny,/dInC,), (24)

where the subscript s refers to salt. v, and vgdenote
the stoichiometric coefficients, Ds the diffusion coef-
ficient, A the equivalent conductance of salt, ta and
tg the transport numbers, v the activity coefficient
and Cs, the salt concentration. The value of F(Adap)
decreases with a decrease in the electrolyte concen-
tration and tends to unity as the concentration ap-
proaches zero? where u,=w,. This indicates that in-
terionic interactions vanish at an infinite dilution and
there is no distinction between Eqgs. 1 and 4. When
F(Mqp) is unity, Eqs. 23 and 24 lead to the Nernst-
Einstein and Nernst-Hartley equations, respective-
ly. These are derived on the basis of the Nernst-
Planck equation. Thus, it may be said that the original
Nernst-Planck equation is valid only at an infinite
dilution where Egs. 4 and 18 are identical.

Eqations 4 and 18 differ from each other at finite
electrolyte concentrations (where F(dqg) differs from
unity) and should be used with the precautions de-
scribed in the present paper. From this point of view,
uq and w, should be distinguished from each other
and can be called the conductive absolute mobility
and the diffusional absolute mobility, respectively.
This is due to the process by which they are defined.
Nevertheless, these equations are still being used in
current papers without distinction. However, the
Nernst-Planck type equations (4, 14, and 18) are single-
term expressions and enable us to use the results from
classical membrane theories based on the Nernst-
Planck equation if those theories were formulated
under reasonable assumptions and the proposed pre-
cautions are taken into account.

Thus, the use of single-term expressions is advan-
tageous for an easier treatment of the transport pro-
cess using nonequilibrium thermodynamics. Hence,
these equations can be regarded as revised Nernst-
Planck equations. A determination of all phenomeno-
logical coefficients is required in order to complete-
ly describe and characterize the transport process in
a muld-ionic system. At present this process seems
to be hopeless in systems having more than four
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components. Further study is required in order to
solve this problem.
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